Real options are a powerful complement to traditional methods of investment project assessment, such as the Net Present
Introduction
The improvement of asset valuation models is one of the prevailing trends in current research in financial theory. In effect, traditional methods for assessing investment projects are substantially limited when implicit uncertainty factors are involved. Moreover, they are based on the estimation of a single scenario, where only one strategy is considered, leaving aside the possible implications of different strategies in the maximization of the Net Present Value (NPV) of the project in the medium and long term (Santos et al., 2014) .
During the period covered by a given cash flow, some of the initial uncertainties may disappear (Park and Herath, 2000) . When this happens, the decision-maker becomes an active agent who can alter the project strategy to adapt to changing market conditions. In this way, the investment should be considered as a continuous process of identification, selection and implementation of opportunities (Bernardo and Chowdhry, 2002) .
The employment of the discounted cash flow model may underestimate the benefits of the project, because the project value is not only defined by its associated cash flows (Merlo, 2016) . The value of flexibility is of significant importance for projects with high volatility (where it is likely that further relevant information may be received in the future) and whose expected NPV is near 0. Under these circumstances, the flexibility provided by real options must necessarily be taken into account (Nicholls et al., 2014) .
Since the majority of companies operate in uncertain environments, the possibility of modifying the initial strategy means a new source of added value. Therefore, different strategies must be regularly considered, and this flexibility should be reflected in the project value. In this context, Myers (1984) introduces the dynamic NPV which includes the traditional NPV plus the real option value.
Traditionally, a high level of uncertainty has had a negative impact when evaluating a project, but this situation can also be viewed as a source of new opportunities. In this way, Shil and Allada (2007) argue that uncertainties should be integrated in the evaluation model. Thus, the use of real options shows that a correct management of uncertainty may add value to the project if managers are able to identify and use the option to respond to new circumstances as they arise. The analysis and assessment of real options allow for the incorporation of strategic aspects such as operational flexibility, the adaptability to the market or the strategic value of the project. The option value plus the project NPV give rise to a total NPV, where the project may be justified if the total NPV is greater than zero (Nicholls et al., 2014) . Therefore, those new circumstances may change the viability of an initially non-viable project, valued by a traditional appraisal method, even making it highly profitable (Koller, 2005; Metelski et al., 2014) . In summary, the main contribution of the real option theory is the incorporation of strategic aspects in the assessment of a project and the introduction of the idea that uncertainty may be related to the creation of opportunities.
The procedure for introducing real options in the evaluation of a project starts from their identification and then checking that these real options add value to the project. Nevertheless, no consensus has been reached about the methodology to be used when determining the value of an option. The complexity of the mathematical approach restricts the applications of real options (De Oliveira et al., 2013) .
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-515 -In Block (2007) it is revealed that the percentage of companies which use real options is small but growing in recent years. Real options have been studied by numerous authors from an applied point of view, especially in the energy sector (Kim et al., 2016; Torani et al., 2016; Fernandes et al., 2011; Schachter & Mancarella, 2016; Secomandi & Seppi, 2014; Bastian-Pinto et al., 2010) and the information and communications technology (ICT) sector (Chen et al., 2009; Cassimon et al., 2011; Harmantzis and Tanguturi, 2007) . In this way, "some top managers and consultants would like to use real options as a rhetorical tool that can be used to justify investment, financing and acquisition decisions; they feel that while there are embedded options in most decisions, they cannot be valued with any precision. There are others who argue that we should try to quantitatively estimate the value of these options, and build them into the decision process" (Damodaran, 2012) .
In this way, the aim of this paper is to introduce a novel method for assessing an investment project including the option to reduce its scale of production. The option to shut down a part of the project always has a value higher than or equal to 0 because it provides the flexibility to soften possible future losses. In this case, this option increases the value of the project because the investor is protected from further losses when the result of uncertainty is unfavorable for the project (McDonald and Siegel, 1985) . Consequently, if a company decides to operate with a smaller productive capacity, part of the investment can be recovered with the purchase of a part of the project's residual value. In this paper, the importance of the residual value is stressed, since previous research estimates the future cash flows using a value without any given justification.
The option to reduce investment in a project is particularly valuable when new products are launched in uncertain markets (Hagspiel et al., 2016) , or when using new technologies (Kauffman & Li, 2005) or plant designs with different cost structures and maintenance costs.
The methodology employed in this paper is based on the binomial pricing model (Copeland & Antikarov, 2003) , one of the most well-known models for evaluating financial options. Given the conceptual similarities between financial (put) options and real (option to reduce) options, Amram and Kulatilaka (1999) implement the methodology for realoption valuation as an extension of that of financial options (Seifert, 2015) .
In summary, this paper aims to answer the following research question: in unstable environments, do the companies have any tools to assess the strategic value of reducing their productive capacity? To do this, we derive the expression of the option to reduce an investment project by using the multiplicative binomial model. Moreover, we prove that, as expected, the option value is always greater than or equal to zero and that, as the option maturity increases, the value of the option to reduce also increases. In Section 2 the expression of the options to reduce within one, two and n periods are respectively deduced. In Section 3 the significance of our findings are discussed. Finally, Section 4 summarizes and concludes.
Valuing the Option to Reduce a Project
In general, the net present value of a project with the option to reduce within n periods (denoted by
) is, by using continuous stochastic processes:
where:
 n is the duration of the project.  f r is the risk-free interest rate.
 n V is the random variable which describes the project value (without taking into account the initial investment) at moment n. That is:
where i x is the cash flow of the project at instant i
and N the finite life-span of the project. A priori, N is considered to be finite; but this question is not relevant in the calculations because all cash flows are included in the expression of n V .   is the percentage by which the cash flows would be diminished after the reduction.
is the residual value of a part of the investment project at instant n.
is the joint probability density function of n V and ) ( n R A .  0 I is the initial investment which is necessary to set the project in motion. In order to determine expression (1), we will specify each one of its parameters. First, we will use as stochastic financial process the binomial options pricing model. We will then derive the residual value of the project at instant n (denoted by n RV ) as a first step to calculating the purchase price of a part of the project at that instant. In this way, according to the Gordon and Shapiro (1956) model, the residual value of the project can be calculated as follows:
where k is the market discount rate and g the cumulative increase rate of cash flows. In Copeland et al. (2010) the value of the lager company Heineken is studied in detail. More specifically, its residual value is calculated as an infinity annuity by employing equation (3).
If the cash flows produced by the project are the components of the random vector ) ..., , , (
V is a random variable whose variance is given by the following expression:
According to Nissim (2002) , "To the extent that managers have the option to modify or abandon lossgenerating project or divisions, negative cash flows are 
 is the length of the time interval in which the project value changes, one has (Hull, 1989) : . In general terms, it is logical to assume that the range of possible values of the residual value should be less than the corresponding range of the project value (Kogut and Kulatilaka, 2004 ). This statement is in line with Mascareñas (2004): if things go well, an early abandonment of the project is not the best decision, but if they go badly, it might be advisable. Finally,
is the average increasing factor of the i-th cash flow. However, in this paper we are going to assume that the volatility of cash flows is constant during the project's life-span, whereby we can take
as the average increase of the residual value. Therefore, we can write: ( 0 0 is the residual value at moment 0, where g can be taken as f r . Taking into account that the project is assumed to be feasible, the expected increase in cash flow must be greater than the risk-free interest rate, so the following inequality holds: 
Option to reduce within one period
In this subsection, we are going to calculate the value of the option to reduce within one period. As indicated, the methodology for the analysis of the evolution of the project value and its residual value is the binomial distribution. Figure 1 shows the evolution of the project value for one period.
Moreover, Figure 2 shows the evolution of the residual value of a part of the project for one period. In this way, expression (1) will accept only the following possible values:  In the case of a favorable evolution of the project:
Therefore, the project value with the option to reduce will depend on the relative position of the residual value of a part of the investment with respect to the possible evolution of the corresponding project value. Observe that this relationship may also be established between the project value and its residual value. More specifically: 
Instant 0 Instant 1 Probabilities
) 0 ( R A u p ) 0 ( R A   ) 0 ( R A d  q Salvador Cruz Rambaud, Ana Maria Sanchez Perez.
An Assessment of the Option to Reduce the Investment in a Project…
-517 - 
Therefore, the expression of the project value with the option to reduce within one period remains as follows:
After analyzing the project value with the option to reduce within a single period, we will prove mathematically that, as expected, its value is greater than or equal to the value of the project without this option. The final objective will be obtaining the value of the option to reduce.
Proposition 1. The present value of an investment project with the option to reduce within a single period is always greater than or equal to . 
Once the value of the project with the option to reduce in one period has been obtained, the value of the option can be deduced using the following formula:
Corollary 1. The mathematical expression of the value of the option to reduce within one period (denoted by
Proof. The proof is obvious for each case, as it is only necessary to find the difference between the project value with the option, 
Option to Reduce Within Two Periods
In order to calculate the present value of an investment project with the option to reduce within two periods (denoted by ) 2 ( 0 ) (R V ), we should take into account (see Figure 5 ):  the evolution of the residual value previous to the sale of a part of the project at the end of the second period, and  the evolution of the value corresponding to the percentage of the project to be reduced. Therefore, the possible values of the project within two periods are given by the following expressions:
with their probabilities of occurrence being 2 p , pq 2 and 2 q , respectively. Therefore, the present value of the project with the option to reduce is the discounted mathematical expectation: 
In this way and based on Equation (4) 
That is to say, [3] necessarily implies [5]:
Thus, the project value with the option to reduce within two periods, according to these three cases and their corresponding implications, is the following:
In the rest of this Section and with the final objective of obtaining the value of the option to reduce the project within two periods, we are going to demonstrate mathematically that the present value of the investment project with the option to reduce within two periods is greater than or equal to the project value without this option and, moreover, greater than or equal to the project value with the option to reduce within one period.
Proposition 2. First, we are going to demonstrate that, in Figure 6 , the position of 0 RV in any interval of period 2 implies its belonging to the intervals of period 1 specified in the cells immediately above. In effect, 
If
, the present value of the investment project with the option to reduce within two periods is:
is greater than or equal to the project value without the option to reduce within two periods; and greater than or equal to the project value with the option to reduce in a single period when
. That is to say: 
, the present value of the project with the option to reduce within two periods is: 
In Example 1, the project value with the option to reduce within two periods is determined by the following piece-wise function:
The graphic representation can be seen in Figure 7 . 
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Source: Own elaboration.
Option to Reduce Within n Periods
The present value of the investment project with the option to reduce within n periods ) ) ( ( 
Discussion
This work aims to provide managers and professionals from different sectors with some easy-to-use tools to assess real options. In effect, the high level of sophistication and low functionality of most models may explain why they are rarely used in business practice.
The main contribution of this paper is the introduction of a theoretical and detailed development of the binomial options pricing model applied to assess the value of the real option to reduce the productive capacity of an investment project.
This new model derivation has been explained in detail by considering different time horizons. It has been proved that the value real option to reduce is directly related to its duration (it is also graphically shown in Figure 7 ). In this way, the value of the real option to reduce exhibits a similar behavior to the value of the call and put financial options (Black and Scholes, 1973) . This relationship makes sense given that the value of the option increases with the increase of the duration of the project.
Our approach does not aim to replace the widely used Net Present Value but, on the contrary, it is an extension. The practical importance of the model in business is remarkable as it allows making a distinction between a financial analysis (the project value based on its future cash flows) and the strategic one (the project value which includes some future strategic opportunities). As a consequence, the implementation of this model makes it easier for companies to consider real options, and thereby to increase their competitiveness.
Nevertheless, the practical application of this methodology has several limitations such as:
 As in traditional assessment methods, the necessary information to apply the model may not be available or might be predicted in an inappropriate way. This has a negative impact on the result of the assessment. To solve it, companies should address their efforts to the realization of their own forecasts.
 Its effective application requires considering a detailed analysis of all possible cases. Traditionally, the option to reduce a project investment has been calculated, for example, in the energy or mining sectors in which this kind of real option is very common and may play a fundamental role. Nevertheless, the use here of the well-known Black-Scholes model does not provide an incremental accuracy which can justify the use of this sophisticated model. -522 -assessment of investment projects, this paper aims to provide a simple formula to quantify the value of the option to reduce.
The methodologies employed to assess real options based on continuous models are complex, and consequently most managers and business people are reluctant to use them. The binomial pricing model, however, is simpler and hence more manageable.
In order to improve the managerial decision, it is necessary to increase the use of option pricing models. The contribution of this paper is the presentation of a single expression for quantifying the value of the option to reduce, supplementary to the NPV formula, in order to obtain the total value of the project.
Our formulation is based on the mathematical implementation of the binomial pricing model. The procedure consists in the construction of two main estimates: the basic project value and the project value with the flexibility to change the company strategy, that is to say, with the real option included. The expression to obtain the value of the option of reducing the project in one, two or n periods offers the possibility to realize a more accurate assessment of the project through the integration of intangible aspects in its value. Finally, this paper proves that the value of a project with the option to reduce increases with respect to time.
As a line of future research, we highlight the possibility to elaborate a guide capable of making easier the implementation of this model and of identifying all possible cases which may arise in the assessment of the option to reduce a project investment.
